In the courses of their independent studies of the existence of invariant means which are not topologically invariant, E. Granirer and W. Rudin have considered several properties of a locally compact group G which are satisfied if G is amenable as a discrete group. By applying a result of J. Rosenblatt (together with ideas of Granirer and Rudin) we show some of these properties on G imply that G is amenable as a discrete group.
Let G be a locally compact group with a fixed left Haar measure X. As usual, if G is compact then X is assumed to be normalized, i.e., X(G) = 1. Let LX(G) be the Banach algebra of bounded real-valued Borel functions on G with the X-essential supremum norm || • H^. For / E LX(G) and x E G,
1J E LX(G) is defined by (lj)(y) = f(xy), y E G. For <p E LX(G)* and x EG, Lxy E LM(G)* is defined by (Lx<p)(f) = <p(lj), f E LX(G). Let
LIM (or LIM(G)) be the set of left invariant means on Lco(G), i.e., LIM = { n E L°°(G)*: || ju|| = 1, ju > 0 and Lx\l = /x for x E G). G is said to be amenable if LIM ¥= 0. Every compact group is amenable since X E LIM.
Let ^ be the maximal ideal space of L°°(G). With the Gelfand topology,
fy is a compact Hausdorff space. The Gelfand transform" is an isometry of Lca(G) onto CCtD), the algebra of real-valued continuous functions on ŵ ith supremum norm. Note that if 6 E ty then Lx0 E ^ and each ju. E LIM can be identified with a G-invariant probability measure ß on ty : ß(f) = /*(/),/ E LX(G). For 9 E <$, let pe: Loe(G) -» /°°(G) be defined by (Paf)(x) = 0{lj), xEG.
Here /°°(G) = L°°(Gd) where Gd is the discrete version of G. Note that HftH < 1, Pe > 0 and p9(lj) = />«/), for x E G and/ E L~(G).
The purpose of this paper is to prove the following.
Theorem. Let G be a a-compact locally compact group. Then the following conditions are equivalent:
(1) Gd is amenable; (2) G is amenable and, for eachf E Loa(G),
where the infimum is taken over all finite subsets A = {ax, . . . , an) ofG; (3) for each 9 E <%, the subspace {Pef: f E LX(G)] of l°°(G) has a left invariant mean; (4) for each permanently positive (PP) set E c G, ||x£ -AH«, > 1 if h E H = the linear span of {IJ -f: f E LX(G), x E G).
PP sets were first defined by Rudin [7] . Recall that a set £ c G is PP if it is Borel measurable and X(xxE n • • ■ D xkE) > 0 for any given xx, . . . , xk E G. (3) and (1)=> (4) and that LIM ^ TLIM if G is nondiscrete and if either (3) or (4') holds where (4') is:
(4') If h E H then, for each open dense set U c G, \\xu -h\\x > 1. He then suggested that (3) and (4') might hold true for every compact group. Our theorem shows that if Gd is not amenable then both (3) and (4) fail for G. Since every open dense set is PP, (4) => (4'). We are unable to decide whether (4') =» (4) or whether (4') holds for every compact group.
In [7] , Rudin raised the question whether functions of the form pj are Borel measurable. Wells [8] employed a nice Baire categorical argument to show that for every infinite compact metric group G there exist 9 E tf) and / E L™(G) such that pj & LX(G). Rosenblatt [5] elaborated Wells' argument to obtain a stronger result: If G is a nondiscrete metric group then for each S C lx(G), card S < c, there exists 9 E <$ such that ptf(L°°(G)) D S.
As a consequence, he gave the following:
Let G be a nondiscrete a-compact locally compact group. Then Gd is amenable if and only if every nonempty closed invariant subset of tf) admits a G-invariant probability measure.
Our proof depends on this theorem of Rosenblatt. Proof of the Theorem. Since (1) => (2), (1) => (3) and (1) => (4) are known, it remains to show that (2) =¡> (4), (3) => (4) and (4) => (1).
(2) => (4). Let £ be a PP set in G. Then, for each finite set A = {a" ..., a"} C G, ess sup -2 XE(a¡x)\ = 1.
Therefore, by (2), there exists /x E LIM such that h(xe) = '• (Recall that LIM is w*-compact.) So, for each h E H, ti(x£ -h) = I. Since ||/i|| = 1, ||x£ -AIL > 1-(3) => (4) . Let E be a PP set in G. As in [7] , note that / = {/ E L°°(G): the zero set of / is contained in G \ E} is a proper ideal. Therefore there exists 0 E 6D such that 0 = 0 on /. It implies that p9(xe) = 1. By assumption, So X(xxE n ■ ■ • n xnE) > 0 and hence £ is a PP set. By the last paragraph, for each E E & we may choose /% E LIM such that supp {LE c £. Let fi be a w*-limit point of the net {i%}£€Eg. Since LIM is w*-compact, ¡x E LIM. If 0 E ûD \ AT, then there exists £ E S such that 9 E £ Therefore ^(öD \ £) = 0 and ^ \ £ is a neighborhood of 9. So 9 E supp /x and hence supp ju c AT. By Theorem A of Rosenblatt quoted above we conclude that Gd is amenable.
Remarks.
(1) By applying Rosenblatt's result it is possible to prove that (3) => (1) and (2) =s> (1) directly. Conceivably there is a direct proof of the fact that (4) => (2) without applying his result.
(2) For a discrete group G, it is easy to see that a set E c G is PP if and only if it is left thick in the sense of Mitchell [3] . Therefore, the following statement can be considered as a generalization of his Theorem 7: Let G be a locally compact group, Gd amenable. .) If we assume further that G is compact then U n E is PP if U is open dense and E is PP, cf. [7] . Let AT be a minimal G-invariant subset of ^, i.e., K is nonempty, closed and G-invariant and is minimal with respect to these properties. Then
is nonempty, i.e., K n P ¥= 0. By minimality of K, K c P-(This fact is also contained in the proof of Proposition 4.8 in [6].) Note that Rosenblatt [5] has shown that fy has at least 2C minimal G-invariant sets.
(4) For an infinite compact group G, the condition that Gd is amenable is not a necessary condition for LIM =j2 {X}. First let us give the following. 
